In this paper, the tropical differential Gröbner basis is studied, which is a natural generalization of the tropical Gröbner basis to the recently introduced tropical differential algebra. Like the differential Gröbner basis, the tropical differential Gröbner basis generally contains an infinite number of elements. We give a Buchberger style criterion for the tropical differential Gröbner basis. For ideals generated by homogeneous linear differential polynomials with constant coefficients, we give a complete algorithm to compute the tropical differential Gröbner basis.
Introduction
The Gröbner basis of a polynomial ideal is a basic tool in computational algebra, which is designed over coefficient fields or rings with trivial valuations. In [5] , Chan and Maclagan introduced an algorithm to compute tropical Gröbner bases for polynomial ideals, where the coefficient field has a non-trivial valuation. Tropical Groöbner bases can be used to compute tropical varieties in tropical algebraic geometry, when the base field has a nontrivial valuation, such as Q p . Please refer to [2, 9] for a detailed introduction to tropical geometry. In [14] , algorithms to compute the tropical Gröbner basis for modules over polynomial rings were given. In [16] , F5 style algorithms to compute tropical Gröbner bases were given. In [11] , it was shown that certain computation of tropical varieties over fields with non-trivial valuations can be done with standard Gröbner basis in certain cases.
Grigoriev initiated the study of tropical differential algebra by designing a polynomial-time algorithm to compute the solution of a system of tropical linear differential equations in one variable [6] . In [1] , Aroca, Garay, and Toghani proved the fundamental theorem for tropical differential algebraic geometry when the solutions under consideration are univariate power series. More precisely, they proved that trop(Sol(I)) = Sol(trop(I)) for a differential ideal I, which means that I has a univariate power series with support φ as a solution if and only if φ is a solution of the tropicalization of I. As a consequence, a differential polynomial ideal I has a power series solution with support S ∈ P(N) n if and only if the set of the corresponding initials {in S (f ) : f ∈ I} is monomial free [1] . Therefore, the tropical differential Gröbner basis can be used to compute differential tropical varieties and to decide whether a differential polynomial ideal has a solution with a given support. Similar to the algebraic case, tropical differential algebraic geometry can be considered as the abstract generalization of the methods of computing the power series solutions of differential equations by comparing the terms with the lowest degree [3, 15, 7] .
In this paper, we define the concept of tropical differential Gröbner basis for differential polynomial ideals over differential fields with a differential valuation and prove some of its basic properties, which can also be considered as the generalization of the differential Gröbner basis [4, 12] to the tropical case. Like the differential Gröbner basis [4, 12] , the tropical differential Gröbner basis generally contains an infinite number of elements. We give a lower bound for the number of differentiations in order to compute the tropical differential Gröbner basis and give a partial Buchberger style algorithm. For ideals generated by homogeneous linear differential polynomials with constant coefficients, we give a complete algorithm to compute the tropical differential Gröbner basis when the support is sN n for s ∈ N. The main technique contribution is to give an upper bound for the number of differentiations in order to compute the finite tropical differential Gröbner basis.
The rest of this paper is organized as follows. In section 2, we define the concept of tropical basis for a differential polynomial ideal. In section 3, we define the concept of and tropical Gröbner basis for a differential polynomial ideal and give a partial Buchberger style algorithm. In section 4, we give an algorithm for computing a tropical Gröbner basis of a differential ideal generated by homogeneous linear differential polynomials with constant coefficients.
Differential tropic basis
Similar to the algebraic case, tropical differential Gröbner bases can be considered as differential Gröbner bases over a differential field with valuations.
Definition 2.1 ( [13] ). Let F be an ordinary differential field of characteristic zero with a differential operator δ, C its subfield of constants. A differential valuation of F is a valuation v of F that is trivial on C and such that A = {x : v(x) ≥ 0} and M = {x : v(x) > 0} are respectively its valuation ring and maximal ideal, then
, where C is an algebraically close field of characteristic zero and δc = 0 for any c ∈ C. We denote F = F rac(R) the quotient field of R. For simplicity, we will work with the field F. The results of this paper are correct over general differential fields with valuations.
We define a mapping val : F \ {0} → N. Let φ i = j∈N a ij t j ∈ R, i = 1, 2. The support of φ i is defined to be Supp(φ i ) := {j ∈ N : a ij = 0}. Then val(
) is defined to be min Supp(φ 1 ) − min Supp(φ 2 ). We add val(0) = +∞. The mapping val has two simple properties: val(ab) = val(a) + val(b) and val(a + b) ≥ min{val(a), val(b)}. So val is a valuation of F.
∈ F, write φ as a Laurent series φ = c s t s + c s+1 t s+1 + · · · . Then we have val(φ) = s. We denoteφ = c s t s and lc(φ) = c s .
Lemma 2.2. val is a differential valuation of F.
Proof. It is easy to see that
Let Y = {y 1 , y 2 , . . . , y n } be a set of differential indeterminates and F{Y} the differential polynomial ring in Y over F. Set ΘY = {δ j y i : i = 1, . . . , n, j ∈ N}. For f 1 , . . . , f r in F{Y}, we denote (f 1 , . . . , f r ) and [f 1 , . . . , f r ] to be the algebraic ideal and the differential ideal generated by f 1 , . . . , f r , respectively. For f ∈ F{Y}, if y i appears in f , the order of f in y i is defined to be the maximal j such that δ j y i occurs in f , denoted by ord(f, y i ). If y i does not appear in f , set ord(f, y i ) = −∞. The order of f is defined as ord(f ) = max 1≤i≤n {ord(f, y i )}.
A differential monomial in Y of order less than or equal to r is an expression of the form
where y ij = δ j (y i ) and M = (M ij ) 1≤i≤n,0≤j≤r ∈ M n×(r+1) (N), which is the set of all matrix of size n × (r + 1) with elements in N. The set of all differential monomials in Y is denoted by M Y . With the above notation, a differential polynomial P ∈ F{Y} of order r is a finite F-linear combination of differential monomials with order ≤ r:
We always assume c M = 0.
Denote P(N) to be the power set of N.
Definition 2.3. Let S ∈ P(N). Define a mapping Val S : N → N ∪ {∞} as follows:
, where E M is of the form in (1).
Let S = (S 1 , . . . , S n ) ∈ P(N) n and f be of the form in (2) . Define Val f = min{val(c M ) + Val S (E M )}. Then the initial of f with respect to S is defined to be
Note that in S (f ) = ∞ if and only if Val S (E M ) = 0 for all c M = 0.
Definition 2.5. The initial ideal of a differential ideal I ⊂ F{Y} with respect to S is
Note that in S (I) is an algebraic ideal. The following lemma gives the motivation for the definition. Letȳ = (y 1 , · · · , y n ) ∈ R n . Denote trop(ȳ) = (Supp(y 1 ), · · · , Supp(y n )) ∈ P(N) n . By [1] ,ȳ is a solution of I if and only if {in trop(ȳ) (f ) : f ∈ I} contains no monomials. Lemma 2.6. Let S ∈ P(N) n . Then the set {in S (f ) : f ∈ I} contains no monomials if and only if in S (I) contains no monomials.
Proof. The sufficiency is obvious. It suffices to prove that if in S (I) has a monomial, then {in S (f ) :
where f i ∈ I and g j ∈ F{Y}. If we write g i as g i = l i j=0 g ij , where every term in g ij is of value j, then M can be represented as
Definition 2.7. For S ∈ P(N) n and a differential ideal I ⊂ F{Y}, a set G ⊂ I is called tropical basis for I with respect to S if in S (I) = (in S (δ i g) : g ∈ G, i ∈ N).
The concepts of tropical bases and tropical initials are quite different from their algebraic and differential counterparts. In the following, we use four examples to illustrate sone of the key distinctions.
The following example shows that in S (δf ) is generally not equal to δ(in S (f )).
Example 2.8. Let S = {0, 2, 4} and f = yy ′′ + y ′ ∈ F{y}. Then δf = y ′ y ′′ + yy ′′′ + y ′′ . We have in S (δf ) = y ′′ , in S (f ) = yy ′′ and δ(in S (f )) = yy ′′′ + y ′ y ′′ , which are not equal.
The following example shows that [in S (f ) : f ∈ I] may contain more monomials than in S (I), which further justifies the definition of in S (I).
Example 2.9. Let f = ty ′′ − 3ty ′ + 3y − 3, I = [f ], and S = {0, 1, 3}. It is easy to verify that y = at 2 + bt + 1 is a generic zero of f , where a and b are arbitrary constants. So in S (I) has no monomials. But
The following example shows that a tropical basis of I may not a generating basis for I.
The following example shows that a linear differential polynomial f may not be a tropical basis of [f ] and the tropical basis of [f ] may consist more than one polynomials.
Example 2.11. Let S = 4N, f = δ 4 y + y ′′ + y ′ , and
and
. In fact, {f, g, δ 6 y − 2y ′′ − δ 5 y − y ′ , δ 13 y − 2δ 9 y + 5δ 5 − y ′ } is a tropical differential Gröbner basis of I with respect to S, which can be computed by the algorithm Tr-DGB in section 4. 
If ≺ is admissible, we denote by lm ≺ (P ) the maximal monomial in P , called the leading monomial, and by lc ≺ (P ) the coefficient of lm ≺ (P ) in P , called the leading coefficient. Set lt ≺ (P ) = lc ≺ (P )lm ≺ (P ), which is called the leading term of P.
In the rest of this section, let S ∈ P(N) n and ≺ be an admissible monomial ordering. For f ∈ F{Y} and S ∈ P(N) n , if lt ≺ (in S (f )) = cE M , we denote by lm S (f ) = E M and by lc S (f ) the coefficient of
From Example 2.11, we can see that f is a differential Gröbner basis of [f ], which may not be a tropical differential Gröbner basis. Proof. It suffices to show that for any
) and the valuation of each term in in S (h) is equal to that of in S (f ) and in S (h) ≺ in S (f ). Repeating the above process to h,
The lemma is proved. Definition 3.4. We extend the mapping Val S into F{Y}:
A differential polynomial f is called homogeneous if it is a homogeneous polynomial in the variables ΘY. Note that this is different from differentially homogenous [8] .
Definition 3.6. Fix homogeneous differential polynomials f, g ∈ F{Y}, S ∈ P(N) n and an admissible monomial ordering
Let ≺ be an admissible monomial ordering and S ∈ P(N) n . Given two homogeneous differential polynomials f, g ∈ F{Y}, if there is no monomial in f which is a multiple of lm S (g), we say f is S-reduced w.r.t. g. If there is no monomial in f which is a multiple of lm S (δ i g), we say f is S-differentially reduced w.r.t. g. The following algorithm computes the "normal" form of f w.r.t. a set of differential polynomials.
Algorithm: Differential Reduction Input: N ∈ N> 0, homogeneous differential polynomials g 1 , . . . , g t , f in F{Y}, S ∈ P(N) n and an admissible monomial ordering ≺. Output: Fail or differential polynomials h ij , r ∈ F{Y} satisfying
where f S h ij δ j g i , for j ∈ N, 1 ≤ i ≤ n, and f S r. Besides, r is S-differentially reduced w.r.t. g 1 , . . . , g t .
1. Let h ik = 0, i = 1, . . . , t and k ∈ N, r = f , k = 0.
2. While k ≤ N and r is not S-differentially reduced w.r.t.
3. Output the nonzero h ij and r.
The output r of the above algorithm is also called the S-differential normal form of f w.r.t. G = {g 1 , . . . , g t } and we denote f
In [5] , in order to make the reduction process terminating, the polynomials obtained in previous procedure can be used to reduce the current one. But in differential case, the reduction procedure may not terminate even adopting the strategy. So, we force to algorithm to stop after N steps.
Example 3.7. Let S = N and ≺ be an admissible monomial ordering in C(t){y}. f = y + t 2 y ′ and g = y + ty ′ are two differential polynomials in C(t){y}. Use {g, δg, . . .} to reduce f and we have
Let S = (S 1 , . . . , S n ) = ({s 11 , s 12 , . . . }, . . . , {s n1 , s n2 , . . . }) ∈ P(N) n . Denote gap(S) = max{s ij+1 − s ij : i = 1, . . . , n, j ∈ N} and we call gap(S) the gap of S. We show that the Differential Reduction algorithm terminates for homogeneous differential polynomials if their coefficients are constant and the gap of S is bounded.
Lemma 3.8. Let the gap of S be bounded by N 0 . For homogeneous differential polynomials G and f with constant coefficients, the algorithm Differential Reduction terminates.
Proof. Since the gap of S is bounded by N 0 , for any δ i y j , Val S j (δ i y j ) ≤ N 0 . So for a homogeneous differential polynomial f of degree d in C{Y}, Val S (f ) ≤ dN 0 . Since the degree of the differential polynomial r in the reduction process has degree at most d = deg(f ), the valuations of all r in the process are bounded by dN 0 . Denote the polynomial r in loop i by r i . Since the coefficients are constants, if the algorithm does not terminate, then there exists an c ∈ N such that Val S (r c ) = Val S (r c+1 ) = . . . and lm S (r c ) ≻ lm S (r c+1 ) ≻ · · · , which contradicts to the property of admissible monomial ordering.
Lemma 3.9. Let G be a tropical differential Gröbner basis of I with respect to S ∈ P(N) n . Then for f ∈ I, we have f
Proof. If the algorithm terminates and f G − −− → diffS r = 0, then r ∈ I. So there exists g ∈ G and i ∈ N such that lm S (r) is a multiple of lm S (δ i g), which contradicts the algorithm.
We can study tropical differential Gröbner basis of a differential ideal from the point view of algebra.
which is a vector in
Let G = {g 1 , . . . , g m } ⊆ F{Y} be a set of homogeneous differential polynomials, S ∈ P(N) n and ≺ be an admissible monomial ordering. Set G 
Then by the proof of Algorithm 2.9 in [5] , lm
Buchberger style criterion for tropical differential Gröbner basis
As in the algebraic case, we can use the normal form algorithm to compute a Gröbner basis using the Buchberger algorithm. Let S ∈ P(N) n and f and g be two differential polynomials in F{Y}. We define the tr-S-polynomial of f and g with respect to S to be
Then we can use the tr-S-polynomial to obtain the tropical differential Gröbner basis. The difference of the proof of following theorem with that of algebraic case is that the indeterminates is infinite.
For a, b ∈ N, denote ⌊a, b⌋ to be {a, a + 1, . . . , b − 1, b}.
Theorem 3.11. Let G = {g 1 , . . . , g t } be a set of homogeneous differential polynomials in F{Y}, S ∈ P(N) n . If tr-S(δ l g i , δ k g j ) is differentially reduced to zero by G for any i, j ∈ ⌊1, t⌋ and l, k ∈ N, then G is a tropical differential Gröbner basis of [G] with respect to S.
Proof. We prove that lm S (f ) ∈ (lm S (δ i g j )) : j = 1, . . . , t, i ∈ N) for any homogeneous differential polynomial f ∈ [G]. If on the contrary, f ∈ [G] is a homogenous differential polynomial in F{Y} with lm S (f ) / ∈ (lm S (δ i g j ) : j = 1, . . . , t, i ∈ N). We can write f = t i=1 N j=0 a ij δ j g i for some N ∈ N, for some homogenous differential polynomials a ij . By Lemma 3.5, Val S (f ) ≥ min{Val S (a ij δ j g i )}, then we can assume that min{Val S (a ij δ j g i )} is maximal over representation of f . For simplicity, we write f = 
Because in the representation of f , N can be choose as big as possible, we can write tr-S(
where b i is defined to be the polynomial multiplying f i in the previous line. By construction b 1 ≻ b 1 and b i ≻ b i for all i ≥ 2. Thus we have a new representation of f with either min{Val S ( b i f i )} larger or this minimum the same and d ′ smaller, which contradicts our assumptions on the respective maximality and minimality of these quantities. So we prove the claim.
Let f, g ∈ F{Y}. If gcd(lm S (f ), lm S (g)) = 1, then we can give the following lemma which is similar to the algebraic Gröbner basis. 
, val S (qg)}, then repeating the above process and obtain an expression for h with h = p ′ f − q ′ g and val
Without loss of generality, we assume that val
). Since gcd(lm S (f ), lm S (g)) = 1, one see that there exists u ∈ M such that lm S (p ′ ) = ulm S (g) and lm S (q ′ ) = ulm S (f ). Let
) is higher than lm S (h), then we repeat the above process and obtain an expression for h with h =pf −qg, where lm S (h) is equal to either lm S (pf ) or lm S (qg). This implies that lm S (h) is a multiple of lm S (f ) or lm S (g), which is a contradiction to the assumption that h is S-reduced w.r.t. {f, g}. Hence h = 0.
Lower bound for differentiation and a possible Buchberger style algorithm
Theorem 3.11 is not an effective criterion, since we need to check whether tr-S(δ l g i , δ k g j )
holds for all l, k ∈ N and g i , g j ∈ G. In the rest of this section, we give a lower bound for number of differentiations l and k needed to compute a Gröbner basis.
For S = N n and f ∈ C[t]{Y}, we can write f as
for some
for some b i,j ∈ C.
Based on (9), we also have the following simple fact.
Lemma 3.13. Let S = N n , ≺ be an admissible monomial ordering satisfying δ j 1 y i 1 ≺ δ j 2 y i 2 if j 1 < j 2 for j 1 , j 2 ∈ N and i 1 , i 2 ∈ ⌊1, m⌋ and f be a linear homogeneous differential polynomial in (7) and (8) are not zero. So equation (9) holds. Therefore lm S (δ k f ) = lm S (δ l f ) for any k, l ∈ N. By Theorem 3.11 and Lemma 3.12, the lemma is proved.
is a lower bound of the number of differentiations for f to compute the tropical differential Gröbner basis of [f ] . It is easy to show that n and gap(S) are also such lower bounds in certain cases.
We give another lower bound related with the orders of f . For f ∈ F{Y}, denote o f to be the minimal number such that δ o f y i appears in f for some i.
For S = 2N and f = y + δ 5 y. We differentiate f and obtain
By lemma 3.12, tr-S(δ i f, δ j g) is not trivial only for i = 0 and j = 6, which means that we need to differentiate f ord(f ) − o f + 1 times in order to compute the tropical differential Gröbner basis. This example motivates us to give another lower bound for the number of differentials: ord(f ) − o f + 2gap(S), which will be used in section 4. It is easy to see that the sum of the two lower bounds deg(f, t) + ord(f ) − o f + 2gap(S) is also a lower bound.
Based on above observation, we propose the following possible Buchberger style algorithm to compute the tropical Gröbner basis for [G] .
Algorithm: Tropical Gröbner Basis Input: N ∈ N >0 , G = {g 1 , . . . , g t } ⊂ C[t]{Y}, S ∈ P(N) n and an admissible monomial ordering ≺. Output: Fail or a tropical Gröbner basis of [G].
2.2 Compute the tropical algebraic Gröbner basis GB k of G k with the method in [5] .
Let
3. Fail.
The idea of the algorithm is that in each loop in step 2, we differentiate the differential polynomials in G for an extra d times and terminate the algorithm if we obtain the "same" results in two consecutive loops. We will show in the next section that the algorithm in correct if G consists of homogeneous linear differential polynomials with constant coefficients. In the general case, we conjecture that the algorithm is correct if [G] has a finite differential tropical Gröbner basis.
Pick
4.2 Let b k be the S-differential normal form of tr-S(a 1 , a 2 ) w.r.t. G. 
If
5. Return k and G. 
Proof.
By the definition of admissible monomial ordering, the lemma is proved. Proof. By Theorem 3.11 and Lemma 3.12 , it suffices to show that tr-S(δ i g t , δ j g k ) is S-differentially reduced to zero by {g 1 , . . . , g p }, for i, j ∈ N with lm S (δ i g t ) = lm S (δ j g k ). Suppose i < j and
by Lemma 4.3. If tr-S(δ r f, δ d f ) is S-differentially reduced to zero by {g 1 , . . . , g p } and the reduction process is given by tr-S(δ r f, δ d f ) Proof. Let G be a reduced tropical differential Gröbner basis for [F ] with respect to S. Note that G is a set of linear homogeneous differential polynomials. If G has more than nL elements, then there exists an i ∈ ⌊1, n⌋ such that G 0 = {g ∈ G : lm S (g) ∈ {y i , δy i , · · · }} has more than L elements. So there exist g 1 , g 2 ∈ G 0 such that ord(lm S (g 1 )) ≡ ord(lm S (g 2 )) mod (L). Suppose ord(lm S (g 1 )) = ord(lm S (g 2 )) + kL for some k ∈ N. Then by Lemma 4.3, lm S (g 1 ) = δ kL lm S (g 2 ) = lm S (δ kL g 2 ), which is a contradiction. The proposition is proved. 
Conclusion
In this paper, we introduced the concept of tropical differential Gröbner basis which can be considered as generalizations of the algebraic tropical Gröbner basis as well as the tropical differential Gröbner basis. We give a Buchberger criterion for tropical differential Gröbner basis and a complete algorithm to compute the tropical differential Gröbner basis for a differential ideal generated by homogeneous linear differential polynomials with constant coefficients. In the general casel, we only give some partial results. We show that the union of the algebraic tropical Gröbner basis of (G (d) ) is a tropical differential Gröbner basis of [G] , where
We give a lower bound for d such that the algebraic tropical Gröbner basis of (G (d) ) is the differential tropical Gröbner basis [G] , and based on this observation, we formulated and conjectured a Buchberger style algorithm to compute the differential Gröbner basis of [G] .
